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Abstract. One possible explanation for the present observed acceleration of the Universe
is the breakdown of homogeneity and isotropy due to the formation of non-linear structures.
How inhomogeneities affect the averaged cosmological expansion rate and lead to late-time
acceleration is generally considered to be due to some backreaction mechanism. In the recent
literature most averaging calculations have focused their attention on General Relativity
together with pressure-free matter. In this communication we focus our attention on more
general scenarios, including imperfect fluids as well as alternative theories of gravity, and
apply an averaging procedure to them in order to determine possible backreaction effects.
For illustrative purposes, we present our results for dark energy models, quintessence and
Brans-Dicke theories. We also provide a discussion about the limitations of frame choices in
the averaging procedure.
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1 Introduction
The nature of the late time acceleration of the Universe [1] remains an open and major
problem in modern cosmology. With the assumption of General Relativity (GR) as the
correct gravitational theory, the standard Einstein field equations (EFE) when applied to
sufficiently large scales, where the Universe is assumed to be homogeneous and isotropic,
i.e., well-described by a Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) model, give rise to
decelerated periods of cosmological expansion whenever supplemented with either matter or
radiation fluids. In fact, for the late-time evolution of the Universe, the GR predictions with
standard (dust) matter break down by a factor of between one and two when confronted
with observations [2]. For instance, under the aforementioned assumptions the last scatter-
ing surface turns out to be larger and expansion rate longer than expected [3]. Consequently,
some approach to solving this problem is required in order to explain late-time cosmological
acceleration. These approaches are usually classified in two different ways. The first - and
most popular one - considers that the Cosmological Principle assumption of homogeneous
and isotropic spacetimes must be preserved at the expense of allowing the total stress-energy
tensor appearing on the right-hand side (r.h.s.) of the EFE to be dominated at late times by
a hypothetical negative pressure fluid usually dubbed dark energy (DE) [4]. An equivalent
interpretation of this approach consists of modifying the left-hand side of EFE, thus modi-
fying gravity itself, and interpreting the acceleration as a geometrical effect rather than as a
consequence of the inclusion of non-physical fluids. Both points of view are mathematically
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equivalent since geometrical modifications can be interpreted as curvature fluids and hence
interpreted as DE contributions. Some examples of this include minimally-coupled models of
scalar fields known as quintessence [5] or more general K-essence models [6], Lovelock theories
[7], Gauss-Bonnet theories [8], scalar-tensor theories like Brans-Dicke [9–11] or more general
models [12], vector-tensor theories [13], gravitational theories derived from extra dimensional
models [14]; supergravity models [15], disformal theories [16] or models with either quantum-
gravity-induced violation or deformation of Lorentz symmetry and models of gravity breaking
CPT [17]. In fact, the so-called f(R) theories [18], where the usual Einstein-Hilbert grav-
itational action is replaced by a more general f(R) term, can be understood as a kind of
scalar-tensor theory.
There are strong theoretical arguments to take into account scalar-tensor theories, in-
cluding the fact that scalar partners of the graviton naturally arise in most attempts to
quantise or unify gravity with other interactions and that the coupling between the scalar
field and the matter density could provide a mechanism to alleviate the coincidence prob-
lem [19]. Scalar-tensor theories are usually formulated in two different frames: the Jordan
Frame (JF) and the Einstein Frame (EF). The former defines length and time as measured
by standard laboratory apparatus, so that all observables (among others, time and redshift)
have their standard interpretation in this frame. The metric is minimally coupled to matter
in the JF and the scalar field is coupled to the Ricci curvature. However, it is usually easier
to perform calculations in the EF. This frame possesses the advantage that, in some simple
cases, it diagonalises the kinetic terms for the spin-0 (the scalar field) and spin-2 (the gravi-
ton) degrees of freedom so that the presence of ghost, Laplacian and tachyonic instabilities
can be directly identified. In this frame, the scalar field is coupled to matter [20, 21].
The second approach, which attempts to explain late-time acceleration considers that
the cosmological homogeneity and isotropy assumptions, which are in fact statistical and
coarse-grained, might be neglecting the possible influence that structure formation and sub-
sequent growth of small-scale and non-linear structures may have on the cosmological ex-
pansion [22] or on light propagation [23]. The effects of astrophysical inhomogeneities on
the averaged cosmological expansion is usually referred to as backreaction [24–26] and has
attracted a lot of attention in the last few years (c.f. [29] for reviews). The non-linear nature
of GR or any other extended gravity theory ensures that the evolution for averaged fields does
not coincide with the evolution of inhomogeneous fields that are then averaged. Whether
this difference is important or not is still a controversial matter (c.f. [30] for an extensive list
of opinions on this subject).
The significance - if any - of backreaction can be understood as a consequence of non-
Newtonian gravitational aspects beyond Newtonian theory and related to the differences
between Newtonian gravity and the weak-field limit of GR [26, 31]. This is an open question
since the smallness of FLRW metric perturbations does not necessarily imply that averaged
quantities remain close to the corresponding unperturbed values. In this regard, the authors
in [32] proved that provided the metric perturbations (and some of their derivatives) are small
and the 4-velocity is close to its background value, then the redshift and averaged expansion
remain close to the FLRW case, whereas the angular distance does not. Simple models, with
the inclusion of pressure-free matter have also demonstrated that accelerated expansion is
possible [33] and how the distance-expansion rate relation turns out to be different from the
FLRW case [34]. As an attempt to perform more realistic calculations, several proposals for
observational constraints have started to become available [30, 35].
In order to determine the significance of backreaction, one possible approach, dubbed
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non-perturbative backreaction - contrarily to perturbative backreaction [36, 37] - consists of
building a background model and its dynamics as a large-scale approximation of an inhomoge-
neous model. Results of such a process can be then compared with the hypothetical standard
FLRW evolution. Several techniques are available [25, 26, 34, 38, 39] in order to build up such
a model. In this paper we will follow the so-called Buchert’s approach [25, 26]. The existing
literature devoted to the backreaction mechanism and cosmological averaging usually focused
on dust-dominated universes, geometrically described by GR, although some generalisations
to include a more general content were made in a gauge invariant way [27] as well as some
excursions into perfect fluid scenarios [28]. The aim of this communication is therefore to
extend the averaging procedure, and consequently the standard Buchert’s equations, to gen-
eral - imperfect - fluids when subject to averaging techniques and extract consequences for
such a procedure. In particular, the impact that modifications of the integrability condition
has on perturbative approaches will be addressed. As a natural consequence of our study, we
will present the averaged equations for different extended theories of gravity and discuss the
importance of frame choice in the interpretation of the averaged quantities. This paper is
organised as follows: in Section 2 we present the kinematics and dynamics for general fluids
that may encompass effective fluids arising from the new terms present in modified gravity
theories. For such scenarios we derive in Section 3 the generalised averaged equations. In this
section we pay special attention to the generalised integrability condition. Section 4 is then
devoted to applying the obtained formalism for several classes of modified gravity theories,
where previous analysis done in Ref. [40] is fully extended. In this way we provide the rele-
vant equations for a DE model with homogeneous equation of state, models of quintessence
and finally for Brans-Dicke theories. In addition, Section 5 is devoted to applying the average
procedure to the equations written in the Einstein frame, after a conformal transformation
is applied, and a non-minimal coupling between the matter and the scalar field emerges. To
conclude this section, we present a brief discussion about the limitations of the averaging
procedure in the Einstein frame. Finally, in Section 6 we present a brief discussion about the
possible applications of our results and present the conclusions of this investigation.
Unless otherwise specified, we will use natural units (~ = c = kB = 8πG = 1) throughout
this paper. Latin indices run from 1 to 3, whereas greek indices run from 0 to 3. The symbol
∇ represents the usual covariant derivative, we use the (−,+,+,+) signature. The Riemann
tensor is defined by Rαβγδ = Γ
α
βδ,γ − Γαβγ,δ + ΓσβδΓαγσ − ΓσβγΓαδσ where the Γαβδ are
the Christoffel symbols defined by Γαβδ =
1
2g
ασ (gβσ,δ + gσδ,β − gβδ,σ). The Ricci tensor is
obtained by contracting the first and the third indices Rαβ = R
µ
αµβ .
2 Formalism
In this section we present the general formalism for the decomposition of a general stress-
energy tensor into its irreducible components. We then derive the fundamental local equations
which are used in the subsequent sections to obtain the corresponding equations for the
averaged quantities.
2.1 Kinematical quantities
In order to decompose the stress-energy tensor and the evolution and constraint equations,
let us use a time-like 4-vector uµ and its associated orthogonal projection tensor hµν =
gµν + uµuν , where gµν is the metric tensor on the full spacetime manifold. The set-up to
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keep in mind is a universe filled with a matter component plus an additional fluid1. In this
scenario, we will use the matter comoving frame and its associated 4-velocity to decompose
all the kinematical quantities and equations. A crucial assumption that we will make is that
matter is minimally coupled so that its flow is geodesic, i.e., uµ∇µuα = 0. This is not the case
in some extended gravity theories described in certain frames, for example f(R) or general
Brans-Dicke theories in the Einstein frame [20, 21]. This will be discussed in more detail
below. Additionally, we will also assume that the matter flow is irrotational, which appears
to be a well justified assumption on large enough scales [41]. Moreover, having an irrotational
flow will enable us to use its 4-velocity to globally foliate the spacetime on constant time
hypersurfaces and set the time axis orthogonal to them and along the congruence [42]. In such
cases the associated orthogonal projection tensor is the induced metric on the 3-hypersurfaces.
In this way, the metric for inhomogeneous and anisotropic universes can be expressed in terms
of synchronous coordinates,
ds2 = −dt2 + gij(t, ~x)dxidxj (2.1)
where i, j = 1, 2, 3 denote the spatial indices of the coordinate system in the 3-hypersurface.
In this gauge, one can define comoving observers having uµ = δµ0 and the projector tensor is
nothing but the spatial part of the metric tensor gij . Moreover, we can adopt both 1+3 and
3+1 languages unambiguously and make contact with the geometry of foliations [43].
The kinematical quantities associated to the congruence described by uµ are then the
shear σµν and the expansion θ so the covariant derivative of the congruence can be decom-
posed as
θµν ≡ ∇νuµ = σµν + 1
3
hµνθ. (2.2)
Since our foliation is determined by uµ, we have that the extrinsic curvature Kµν of the
3-hypersurfaces orthogonal to uµ is precisely given by Kµν = −θµν .
Some useful identities which will be used throughout this communication are2:
θij = σ
i
j +
1
3
θδij ; θ
i
jθ
j
i = 2σ
2 +
1
3
θ2 ; σii = 0 (2.3)
where the scalar shear is defined by σ2 ≡ 12σijσij . Angle brackets over indices will denote
projected vectors onto the 3-hypersurfaces v〈µ〉 ≡ hµνvµ and projected symmetric and trace
free part of tensors T〈µν〉 ≡ (hα(µhβν) − 13hµνhαβ)Tαβ . The 4-velocity also allows to define
covariant derivatives along the congruence flow T˙ ≡ ∇uT and covariant derivatives on the
3-hypersurfaces ∇ˆµ ≡ hαµ∇α, which is indeed a covariant derivative thanks to the absence
of vorticity. Given our choice of frame and gauge, derivatives along the congruence will be
simply time derivatives, i.e., T˙ = ∂tT , which will play an important role in the averaging
procedure.
1The additional fluid could represent contributions from dark energy, additional degrees of freedom or the
effective effects associated with a modified theory of gravity.
2At this stage we should remind that our coordinates gauge choice makes that projected index onto the
3-hypersurface are precisely the spatial indices so that θµν being a completely projected tensor coincides with
θij , and the same applies to the shear σµν
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2.2 Stress-energy decomposition
As commented above, our scenario will consist of a matter component plus an additional fluid
so that the total stress-energy tensor will be given by Tµν = T
m
µν + T
f
µν . It is important to
note that, since we are using the matter (dust) comoving frame we still have Tmµν = ρmuµuν .
However, the additional component will adopt the general form of a stress-energy tensor
corresponding to an imperfect fluid so that it will be characterised by its energy density ρ,
pressure p, momentum flux qµ and anisotropic stress πµν , i.e.,
Tµν = ρuµuν + phµν + 2q(µuν) + πµν . (2.4)
The corresponding thermodynamical quantities are then given by
ρ ≡ Tµνuµuν (2.5)
p ≡ 1
3
Tαβh
αβ (2.6)
qµ ≡ −Tαβhαµuβ (2.7)
πµν ≡ Tαβhα〈µhβν〉 . (2.8)
As usual, the momentum flux is orthogonal to the congruence qµu
µ = 0 and the anisotropic
stress has no components along the congruence πµνu
ν = 0. If we take the covariant deriva-
tives of these expressions one can easily show that uµ∇νqµ = −qµ∇νuµ and uν∇µπµν =
−πµν∇νuµ = −πµνσµν , which will be used below to simplify some expressions.
2.3 Local propagation and constraint equations
In order to proceed, the gravitational field equations will be written a` la Einstein as
Gµν ≡ Rµν − 1
2
gµνR = Tµν =
∑
α
T (α)µν , (2.9)
where T
(α)
µν labels all possible contributions to the total stress-energy tensor, which reduces
to two components in our case as explained above.
The total stress-energy tensor in a general frame is determined by the density ρ, the
pressure p, the momentum flux qµ and the anisotropic stress πµν . These contributions can
be attributed to the presence of additional fields or as an effective description of a modified
gravity theory.
Equipped with the geometrical quantities describing the kinematics of the fluids as well
as the form of the more general fluid given by (2.4), let us introduce the field equations in
the so-called Arnowitt-Deser-Misner (ADM) decomposition:
1
2
(
R+ θ2 − θijθji
)
= ρ , (2.10)
θ,i − θji; j = 8πGqi , (2.11)
θ˙ij = −θθij −Rij +
1
2
(ρ− 3p)δij + T ij , (2.12)
with Rij representing the spatial curvature of the 3-hypersurfaces orthogonal to the con-
gruence and the dot stands for derivatives with respect to proper (cosmic) time t measured
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by comoving observers3. The first two equations represent the constraint equations imposed
by the lapse and the shift fields respectively, which are Lagrange multipliers corresponding
to the invariance under diffeomorphisms. The last equation holds for the evolution equa-
tion provided by Einstein equations and, combined with the energy constraint yields the
Raychauduri equation that determines the evolution of the expansion
θ˙ = −2σ2 − 1
3
θ2 − 1
2
(ρ+ 3p) . (2.13)
Finally we require an evolution equation for the shear scalar squared σ2. In order to obtain
it, it suffices to differentiate (2.3) and, after combining the result with (2.10) and (2.13), one
gets
∂tσ
i
j = −θσij −Ri⊥ j + πij (2.14)
and consequently by contracting with the shear σij , the evolution equation for σ
2 yields
∂tσ
2 = −2θσ2 − σijRij + σijπji (2.15)
where the symbol Ri⊥ j ≡ Rij − 13Rδij has been introduced in the last two equations.
In addition to the above decomposition of EFE, it will also be useful to use the con-
servation equation ∇µT µν = 0. The projections of these equations along uµ and onto the
orthogonal hypersurfaces, yield the following two identities
− uν∇µT µν = ρ˙+ θ(ρ+ p) +∇µqµ + πµνσµν = 0 , (2.16)
hαν∇µT µν = ∇ˆαp+ q˙α + 4
3
θqα + q
µσµα + hαν∇µπµν = 0 , (2.17)
where we have used the fact that uν∇µπµν = −πµνσµν as well as (2.3). At this stage let us
define
j ≡ −∇µqµ + πµνσµν , (2.18)
which will be useful later on. On the other hand, Eq. (2.16) can be obtained by combining
the time derivative of (2.10) with (2.13) yielding
ρ˙+ θ(ρ+ p) =
(
1
2
R˙+ 1
3
θR+ Rˆ
)
− πˆ , (2.19)
with Rˆ ≡ σijRij and analogously πˆ = σijπij . Terms in expressions (2.16) and (2.19) can be
matched using Codazzi-Gauss equations.
3 Averaging procedure
In this section we introduce the main definitions and relations of the averaging procedure. We
then apply them to the local equations of the precedent section to obtain the corresponding
averaged equations. In this way we obtain the averaged versions for Raychauduri and the
continuity equations. Finally, we will obtain the so-called integrability condition relating the
kinematical backreaction and the spatial average of the 3-curvature.
3Notice that given our choice of observer, the covariant derivative along the congruence coincides with the
proper time derivative and, because of our gauge choice, it is given by ∂t.
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3.1 Definitions and procedure
In the literature, we can find several proposals on how to average an inhomogeneous space-
time. The main difficulty arises from the fact that for general tensors averaging is not
a well-defined operation since it involves the evaluation of tensorial quantities at different
spacetime points. In Buchert’s approach [26], this difficulty is circumvented by averaging
only scalar quantities. We will use this approach in this work and will define the average of
some scalar quantity O over some spatial region D as
〈O〉D ≡
∫
DO dΣ∫
D dΣ
(3.1)
with dΣ the volume element on the spatial domain D, which will be defined as a constant
volume in comoving coordinates. Several choices can be found in the literature for the
volume element of the domain corresponding to different measures. Here, we shall use the
Riemannian measure. Since we are using the matter velocity geodesic congruence, no matter
particles will cross the boundary of the domain and therefore, the total matter mass in the
domain will remain constant. However, this does not imply a constant total rest energy
within the domain, since additional components of the total stress-energy tensor might cross
the domain boundaries. This is reflected by the fact that the total momentum flux qµ is
non-vanishing, so that
∫
D qµdΣ
µ 6= 0, with dΣµ the volume element of the domain boundary.
The Riemannian volume of the domain4 VD =
∫
D
√
hdΣ allows one to define the effective
scale factor aD ≡ (VD)1/3. Moreover, using the fact that θ can be related to the trace of
the extrinsic curvature of the foliation via5 θ = −hµνKµν and that the extrinsic curvature is
nothing but Kµν = −12∂thµν , we have that θ = −∂t
√
h/
√
h. Thus, we can obtain the useful
relation
〈θ〉D =
1
VD
∫
D
θ
√
h d3x =
1
VD
∫
D
∂t
√
hd3x =
∂tVD
VD
(3.2)
so that we finally obtain
HD ≡ ∂taD
aD
=
1
3
〈θ〉D , (3.3)
which defines the effective Hubble expansion rate by means of the average of the congruence
expansion.
From the averaging definition (3.1) it is also straightforward to prove the well-known
commutation rule for averaging and time derivative of a scalar quantity O:
[∂t, 〈〉D]O ≡ ∂t 〈O〉D − 〈∂tO〉D = 〈θO〉D − 〈θ〉D 〈O〉D , (3.4)
which can also be expressed as
[∂t, 〈〉D]O = 〈θδO〉D , (3.5)
with δO ≡ O− 〈O〉D. Now, if we use the fact that the average of δθ ≡ θ− 〈θ〉D vanishes (as
for any perturbed scalar quantity), the commutator can be alternatively written in the form:
[∂t, 〈〉D]O = 〈δθ δO〉D . (3.6)
4In the Riemannian measure we use the determinant of the induced metric. However, one should be aware
that the induced metric is the projector onto the 3-hypersurfaces and therefore, its determinant vanishes,
since projector operators are not invertible. Thus, the induced metric must be understood as the projection
tensor hµν evaluated on the surface. In practice, given our gauge choice, it is nothing but gij .
5Notice that this condition only holds for geodesic congruences since for an accelerated congruence the
relation between θµν and the extrinsic curvature has a term proportional to uµaν .
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This identity expresses the non-commutative character of the spatial averaging and time
differentiating operations when applied to a given scalar quantity. Interestingly, the commu-
tator vanishes when either the expansion or the scalar quantity do not differ from their mean
value. In order words, time evolution and averaging commute when either θ or O are homo-
geneously distributed. If one of them is purely homogeneous, then the commutator vanishes.
Of course, it is difficult to imagine a situation in which only one of them is homogeneous
while the other one is inhomogeneous, since the inhomogeneities will be transferred to each
other by means of the corresponding field equations6. This is also related to the fact that
the relevant quantity determining the level of non-commutavity is actually the correlation of
the expansion perturbation and the perturbation of the scalar under consideration. Thus,
effects from backreaction can only appear at second order in perturbations, which is the
expected result, since backreaction can only become relevant due to the non-linearities of
the equations. Therefore, this is the key fact explaining why inhomogeneities can acquire a
relevant role in the averaged EFE and how, consequently, inhomogeneities can lead to ob-
serving global acceleration in a locally decelerating universe. This is of course a well-known
fact and it is not the aim of the present work. Rather, we are interested in describing how
this non-commutativity might affect the evolution of homogeneous cosmologies within the
context of alternative gravity theories and/or DE models. This is indeed a crucial aspect of
such scenarios since it is expected that the aforementioned effect will always be present and,
even if it is proved to be small and irrelevant within the context of GR in a dust dominated
universe, it could have important consequences in alternative scenarios.
3.2 Averaged Einstein equations
In the following, we apply the averaging procedure on the propagation and constraint equa-
tions obtained in the previous section in order to obtain the corresponding equations for the
averaged quantities. The spatial averaging procedure for Eqs. (2.10)-(2.12) together with
the rule (3.4) yields the effective Friedman equations
H2D =
1
3
〈ρ〉D − 1
6
〈R〉D − 1
6
〈Q〉D , (3.7)
a¨D
aD
= −1
6
〈ρ+ 3p〉D + 1
3
〈Q〉D , (3.8)
∂t〈σ2〉D = −2〈θ〉D〈σ2〉D − 〈θ δσ2〉D + 〈σijCji〉D, (3.9)
where HD ≡ a˙D/aD = 〈θ〉D/3. Note that these equations can be interpreted as a generalisa-
tion of the standard Buchert equations since a more general fluid as given in (2.4) has been
introduced. Thus, let us refer to the set of equations (3.7) - (3.9) as generalized Buchert
equations. In the previous equations, the following definitions have been introduced
〈Q〉D ≡ 2
3
(〈θ2〉D − 〈θ〉2D)− 2〈σ2〉D , (3.10)
δσ2 ≡ σ2 − 〈σ2〉D , (3.11)
Cji ≡ πji −Rj⊥ i , (3.12)
where 〈Q〉D is usually referred to as the kinematical backreaction term. As we can see from
Eq. (3.7), this term contributes to the averaged expansion as an effective additional fluid and
6We will discuss this in more detail below within the context of quintessence or Brans-Dicke theories
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this is why it has been suggested as a possible explanation for Dark Energy. Moreover, as
we can conclude from its definition, the kinematical backreaction becomes more important
as the expansion gets more inhomogeneous, which could eventually solve the coincidence
problem because 〈Q〉D starts being relevant when structures start forming.
3.3 Averaged continuity equation and integrability condition
We now obtain the averaged version of the continuity equation that will allow us to obtained
the generalised integrability condition relating the kinematical backreaction and the average
of the spatial scalar curvature. The averaging procedure applied to the continuity equation
(2.16) yields the following equation
∂t 〈ρ〉D + 〈θ〉D 〈ρ〉D + 〈θp〉D = 〈j〉D (3.13)
which obviously reduces to the standard averaged conservation of mass when only a dust
fluid with p = j = 0 is considered. If we now use the fact that
〈θp〉D = 〈θ〉D〈p〉D + 〈θ (p− 〈p〉D)〉D = 〈θ〉D〈p〉D + 〈θδp〉D (3.14)
together with the vanishing of the averaged pressure perturbation 〈δp〉D = 0, the continuity
equation can be alternatively written in the more familiar form
∂t 〈ρ〉D + 〈θ〉D 〈ρ+ p〉D = −〈δθ δp〉D + 〈j〉D (3.15)
where one can clearly see the backreaction effects as a source coming from the non-commutativity
of time evolution and averaging as well as the term 〈j〉D. Now that the averaged continuity
equation has been obtained, we can combine equations (3.4), (3.7), (3.8) and (3.15) to obtain
a generalized integrability condition relating 〈Q〉D and 〈R〉D as follows
1
2a6D
[
∂t
(
a6D 〈Q〉D
)
+ a4D∂t
(
a2D 〈R〉D
) ]
= −〈δθ δp〉D + 〈j〉D . (3.16)
This equation has no analogue in Newtonian dynamics or even in the case of GR. The two
terms on the r.h.s. of (3.16) are absent in dust universes geometrically described by GR.
In this special case, (3.16) becomes the usual integrability condition in standard averaging
(see for instance equation (13b) in [26]). However, either in the case of an arbitrary fluid,
or modified gravity, the terms on the r.h.s. are non-zero, leading to very different behaviour
with respect to GR when averaging is applied.
For instance, in the frame of perturbative backreaction [36, 37], the non-zero contribu-
tion in the r.h.s. of (3.16) would render calculations of the second-order contributions for
the averaged spatial curvature 〈R〉D more tortuous. In fact, unlike the standard GR and
dust universe case, it would not suffice to know the kinematical backreaction 〈Q〉D7 in order
to determine directly the second-order contributions for 〈R〉D precisely due to the terms
on the r.h.s. of (3.16). Since the integrability condition is an exact relation valid to any
order, calculations may be ultimately performed but at the expense of altering the standard
procedure.
Another interesting novelty in this scenario is that in cases where the scalar curvature
averages as that of a FLRW universe with 〈R〉D ∝ a−2D (vanishing r.h.s. of the integrability
7〈Q〉
D
can be proved to include only second-order contributions depending its expression only upon squares
of first-order terms.
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condition), is that the kinematical backreaction must evolve as 〈Q〉D ∝ a−6D , so it becomes
quickly diluted as the universe expands. However, in our alternative scenario with the pres-
ence of an additional (effective) fluid, the integrability condition (3.16) has a non-vanishing
r.h.s. so that, even if the spatial curvature averages as that of a FLRW metric, the kine-
matical backreaction will still be sourced by the pressure perturbation, the momentum flux
and the anisotropic stress so that it does not need to become quickly diluted. Even if the
additional fluid behaves like a perfect fluid but has pressure perturbations, it will source the
kinematical backreaction, as we shall see in more detail in next section.
Finally, it is worth mentioning the well-known fact that the averaged equations do not
form a closed system so that some assumptions need to be made in order to compute the
phenomenological consequences.
4 Averaging in extended cosmologies
In this section we apply the results obtained in the two previous sections to three classes
of extended gravity theories: a dark energy model effectively described as a perfect fluid, a
quintessence model and Brans-Dicke theories. We should remind one that in what follows
we shall assume the standard matter fluid to be perfect, i.e., qm µ = 0 and πm µν = 0.
4.1 Perfect fluid dark energy
Let us start by studying a universe with matter plus a dark energy component effectively
characterized by a perfect fluid whose energy-momentum tensor is given by
TDEµν = (ρDE + pDE)vµvν + pDEgµν . (4.1)
It is important to bear in mind that, in general, the comoving frame of dark energy will
be different from that of the matter component and, thus, vµ will not necessarily coincide
with the matter flow uµ that we are using for our foliation. In models for dark energy in
the form of a perfect fluid is usually assumed that both matter and dark energy have the
same background rest frame, i.e., that v
(0)
µ (t) = u
(0)
µ (t) at zeroth order and differences only
appear as peculiar velocities. However, as argued in [44], if dark energy was always decoupled
from matter and the rest of components of the universe, there is no reason a priori to expect
that both components will share a common rest frame even on the largest scales and a
net coherent flow between them might exist. In any case, this coincidence of rest frames
cannot be maintained at the level of perturbations and since we are precisely dealing with
the inhomogeneous case, we need to be careful about this fact and take it into account by
letting vµ 6= uµ. If the difference between both frames is characterised by wµ = vµ − uµ, the
dark energy stress-energy tensor reads
TDEµν = (ρDE + pDE)uµuν + pDEgµν + 2(ρDE + pDE)u(µwν) + (ρDE + pDE)wµwν . (4.2)
As expected, even though dark energy is described by a perfect fluid, its stress-energy tensor
acquires momentum flux and anisotropic stress contributions when expressed in the matter
rest frame. It is also not surprising that for a cosmological constant-like fluid with pDE =
−ρDE, the momentum flux and anisotropic stress vanish also in the matter rest frame.
Then, EFE read
Gµν = 8πG
[
(ρm + ρDE + pDE) uµuν + pDE gµν + 2q
DE
(µ uν) + π
DE
µν
]
, (4.3)
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with ∇µT µνm = 0 = ∇µT µνDE, i.e., the DE component does not interact with standard matter.
Note that our congruence defining the time-like direction has been chosen to coincide with
the matter flow, i.e., uµ corresponds to the comoving frame with matter. Since matter is a
pressureless fluid, one can have synchronous coordinates as the ones we are using because no
pressure gradients will be generated for matter.
The corresponding averaged continuity equations for the two fluids become
∂t 〈ρm〉D + 〈θ〉D 〈ρm〉D = 0 (4.4)
∂t 〈ρDE〉D + 〈θ〉D 〈ρDE + pDE〉D = −〈δθ δpDE〉D + 〈jDE〉D . (4.5)
where the relation jDE ≡ −∇µqDEµ +πDEµν σµν according to (2.18) has been used. At this stage
let us mention that the continuity equation (2.17) renders a non trivial relation between the
momentum flux and the spatial gradients of dark energy pressure. The orthogonal projection
of the dark energy stress-energy conservation equations onto the 3-hypersurfaces is given by
∇ˆαpDE + q˙DEα +
4
3
θqDEα + q
DE
µ σ
µ
α + h
ν
α∇µπDEµν = 0 (4.6)
showing the relation between non-vanishing momentum flux and anisotropic shear for dark
energy and the existence of dark energy pressure gradients. In the most general case, there
would be an acceleration term in this equation signalling that, even for a general perfect
fluid in its rest frame, pressure gradients will deviate the fluid flow from being geodesic.
However, it is worth stating once again that we are using the matter rest frame, so the
acceleration of the frame is zero. It follows that for the dark energy component, we can
see that pressure gradients are supported by momentum flux and anisotropic stresses. The
integrability condition simplifies to
1
2a6D
[
∂t
(
a6D 〈Q〉D
)
+ a4D∂t
(
a2D 〈R〉D
) ]
= −〈δθ δpDE〉D + 〈jDE〉D . (4.7)
Notice that the r.h.s of the commutation relation only depends on dark energy quantities
because the matter fluid is pressureless and we are using its rest frame. In both the dark
energy continuity equation and commutation relations, the backreaction corrections are given
in terms of the pressure perturbation of the DE component. In general, the pressure pertur-
bation will encompass both an adiabatic contribution determined in terms of its adiabatic
sound speed c2s and an entropic contribution. If we assume adiabaticity, the sound speed
fully determines the clustering properties of the fluid 8. In most of the DE models the sound
speed is close to 1, which makes its Jeans’ scale larger than the Hubble scale so that DE
clustering within the horizon does not occur. The underlying reason for this is that pres-
sure will prevent gravitational collapse from being efficient and, therefore, the formation of
structures. For these models, the corrections coming from backreaction are expected to be
very small since they represent a second order correction with a very small perturbation on
all sub-Hubble scales. However, certain extensions of the simplest DE models allow for a
Jeans scale significantly smaller than the Hubble scale, like the K-essence models, so that
DE can undergo a clustering process that might lead to non-trivial backreaction effects on
8See however [45] for a careful discussion about this point and the effects of DE with non-adiabatic sound
speed. It is worth noting that the sound speed defined as δp/δρ is a gauge-dependent quantity, but the
well-defined and gauge independent sound speed is δp/δρ|restframe, i.e., the sound speed evaluated in the rest
frame of the fluid and this is indeed the frame that we are using.
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the averaged evolution. In the previous discussion we have assumed adiabaticity, so that
the sound speed fully characterises the DE perturbations. Of course, in more general frame-
works with non-adiabatic perturbations or even imperfect fluids [46], the conclusions will
change and a more detailed study is required in order to determine the precise consequences
extracted from the averaging procedure and how backreaction might affect the cosmologi-
cal evolution in such cases. A common characterisation of the DE fluid is by means of a
barotropic equation of state of the form pDE = ωρDE. For an arbitrary equation of state
parameter we have 〈pDE〉D 6= ω 〈ρDE〉D unless ω is homogeneous. More specifically, one finds
〈pDE〉D = 〈w〉D 〈ρDE〉D + 〈wδρDE〉D or, equivalently 〈pDE〉D = 〈w〉D 〈ρDE〉D + 〈δw ρDE〉D.
Again, using the vanishing of the average perturbed quantities 〈δw〉D = 〈δρDE〉D = 0 we can
alternatively write
〈pDE〉D = 〈w〉D 〈ρDE〉D + 〈δwδρDE〉D (4.8)
where we can clearly see how the averaged equation of state acquires a second order correction
when the equation of state parameter and the energy density are both inhomogeneous. For
the sake of simplicity and as commonly considered in the literature, we shall now study the
case with homogeneous w, which can even be just a constant (for sufficiently low redshifts
and close to −1) as it happens for the standard matter and radiation components. Under
this assumption we have 〈pDE〉D = ω 〈ρDE〉D and the continuity equation (3.15) now reads
∂t 〈ρDE〉D + 3(1 + w)HD 〈ρDE〉D = −〈δθ δpDE − jDE〉D , (4.9)
where we have used that 〈θ〉D = 3HD. This equation resembles the usual continuity equation
for a homogeneous perfect fluid with an external source, that might be interpreted as an
interaction with the perturbations. If we assume constant equation of state parameter, the
continuity equation can be formally solved by9
〈ρDE〉D = ρ0DE a−3(1+w)D
[
1−
∫ aD
a0
D
a˜
3(1+w)
D 〈δθ δpDE − jDE〉D
da˜D
a˜DH˜D
]
. (4.10)
From this expression we can conclude that backreaction effects can redress the equation of
state parameter for DE. There is even the potential effect of having an effective phantom
dark energy equation of state, while the bare w is perfectly above the phantom divide line
w = −1. In this regard, the possibility of dressing the cosmological parameters by means
of backreaction effects was already suggested in [47]. Also in [48], the effects of stochas-
tic perturbations on the dark energy parameters were analysed and shown that could lead
to statistical variations of a few percent in the determination of the dark energy density
parameter.
If we assume a power-law evolution for the backreaction source term of the continuity
equation10, i.e., 〈δθ δpDE − jDE〉D ∝ amD , we can write
〈ρDE〉D = ρ0DEa−3(1+w)D
[
1 +Aa
3(1+w)+m−p
D
]
(4.11)
9It is also straightforward to obtain the analogous solution for the case with w = w(t), but we prefer to
neglect its possible time-dependence for simplicity.
10As commented above, the system of averaged equations do not form a closed system. Here we get this
difficulty around by assuming a specific form of some averaged quantities. Although the full validity or our
ansatz should be justified on more theoretical or observational grounds, we feel that a power law evolution,
being a common behaviour in cosmological scenarios, is a quite reasonable assumption and sufficient for our
illustrative purposes.
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where A is some constant amplitude and we have also assumed that HD ∝ apD. Thus, the
backreaction correction in (4.11) will be increasing during the expansion of the universe,
provided that 3(1 + w) + m − p > 0. For a slowly rolling scalar field with w ≃ −1, the
condition is approximately given by m > p or, equivalently, 〈δθ δpDE − jDE〉D grows faster
than the averaged expansion HD.
Let us finish our discussion of this scenario coming back to the integrability condition
(4.7) As already discussed, this integrability condition is modified with respect to the standard
GR result in the presence of a matter component so that, even if the spatial curvature averages
as that of a FLRW metric, the kinematical backreaction 〈Q〉D does not need to decay as a−6D .
In fact, under the same assumption as before, i.e., 〈δθ δpDE − jDE〉D ∝ amD , and HD ∝ apD,
the integrability condition yields
〈Q〉D = C1am−pD + C2a−6D (4.12)
with C1,2 some constants. We clearly see how the kinematical backreaction differs from the
standard result given by the mode C2. As in the averaged DE density, the correction in
(4.12) is determined by the ratio (〈δθ δpDE − jDE〉D)/HD so that, whenever this ratio grows,
the kinematical backreaction becomes more important as the universe expands.
4.2 Quintessence
we will now consider a field theory model of DE based on a single scalar field minimally
coupled to gravity and with a given potential. The total action for such theories supplemented
with the usual Einstein-Hilbert term can be written as [5]
S =
∫
d4x
√−g
(
1
2
R− 1
2
∂µφ∂
µφ− V (φ)
)
. (4.13)
The EFE for these theories are given by
Gµν =
(
T (m)µν + T
Q
µν
)
, (4.14)
where the quintessence field energy-momentum tensor and the field equation of motion be-
come
TQµν = ∂µφ∂νφ− gµν
[
1
2
(∂φ)2 + V (φ)
]
, (4.15)
and
φ =
dV (φ)
dφ
, (4.16)
respectively. Thus, whenever the potential is flat enough so that the field is slowly rolling
down, the scalar field can drive a period of accelerated expansion.
The corresponding thermodynamical quantities for quintessence theories, including stan-
dard matter, become
ρ ≡ Tµνuµuν = ρm + 1
2
φ˙2 +
1
2
hαβ∇ˆαφ∇ˆβ + V (φ) (4.17)
p ≡ 1
3
Tµνh
µν = pm +
1
2
φ˙2 − 1
6
hαβ∇ˆαφ∇ˆβ − V (φ) (4.18)
qµ ≡ −Tαβhαµuβ = −φ˙∇ˆµφ (4.19)
πµν ≡ Tαβhα<µhβν> = Tˆµν − phµν , Tˆµν ≡ hα(µhβν)Tαβ (4.20)
– 13 –
where again the matter fluid has been assumed to be perfect, i.e., qm µ = 0 and πm µν = 0.
In the following we shall study the backreaction effects on the evolution of the scalar field on
a given background metric. To that end, we shall first decompose the scalar field equation
into covariant derivatives along the congruence uµ and those corresponding to the orthogonal
3-hypersurfaces as follows:
φ¨+ θφ˙− hαβ∇ˆα∇ˆβφ+ V,φ = 0 (4.21)
If we take the average of this equation and make repeated use of the commutation relation,
we obtain
∂tt 〈φ〉D + 〈θ〉D ∂t 〈φ〉D + 〈V,φ〉D = ∂t 〈δθ δφ〉D + 〈θ〉D 〈δθ δφ〉D +
〈
hαβ∇ˆα∇ˆβφ
〉
D
. (4.22)
In quintessence models, DE is ascribed to the evolution of the homogeneous scalar field. This
actually means neglecting all the terms on the r.h.s. of the above equation for the field evo-
lution. However, we can see that inhomogeneous perturbations will source the homogeneous
evolution through the r.h.s of this equation. If we look at the averaged equation (4.22), we
see that the mean value of φ will evolve in the same manner as the homogeneous mode if and
only if the terms on the r.h.s of this equation are negligible. This is indeed the condition for
the consistency of considering a pure homogeneous field, since only under such circumstances
one can guarantee that φ(t) evolves in the same way as 〈φ〉D. An alternative way of rewriting
(4.22) yields
∂t
(
∂t 〈φ〉D − 〈δθ δφ〉D
)
+ 〈θ〉D
(
∂t 〈φ〉D − 〈δθ δφ〉D
)
+ 〈V,φ〉D =
〈
hαβ∇ˆα∇ˆβφ
〉
D
. (4.23)
In the usual case of quintessence models without taking care of the averaging, the field remains
approximately frozen as long as its mass (determined by the potential) is smaller than the
expansion. However, provided one ignores the r.h.s of (4.23), i.e., one assumes a homogeneous
field, and the potential is much smaller than the expansion (slow-roll condition), what one
actually finds is
∂t
[
a3D
(
∂t 〈φ〉D − 〈δθ δφ〉D
)]
= 0 (4.24)
where we have used that 〈θ〉D = 3∂taD/aD. Thus, the averaged field evolves as
〈φ〉D ≃ φ0 +
∫ 〈δθ δφ〉D
aDHD
daD , (4.25)
where φ0 is the usual constant mode and we have neglected the decaying mode
11. As was also
found in the previous section, the evolution of the averaged field possesses a contribution that
depends on the ratio
〈δθ δφ〉
D
aDHD
. Thus, although this correction is second order in perturbations
and consequently its amplitude is expected to be small, such correction can grow as the
universe expands and eventually it may take over the evolution of 〈φ〉D.
Let us now assume that the previously discussed conditions are fulfilled and consider a
homogeneous quintessence field of the form φ = φ(t) = 〈φ〉D. For this scenario, expressions
11The mode we are neglecting evolves as
∫
a−3
D
dt which can be a growing mode in some scenarios, but
decays for the usual radiation and matter dominated epochs.
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(4.18)-(4.20) become
p = pm +
1
2
(∂tφ)
2 − V (φ) , (4.26)
qµ = 0 , (4.27)
πµν = gµν
[
1
2
(∂tφ)
2 − V (φ)
]
, (4.28)
and accordingly πµνσµν = 0 and the expression (2.18) is identically zero. Then, the integra-
bility condition (3.16) reduces to
1
2a6D
[
∂t
(
a6D〈Q〉D
)
+ a4D∂t
(
a2D〈R〉D
)]
= −〈θ δpm〉D , (4.29)
where we have used that the only contribution to the r.h.s. of the previous equation cor-
responds to the perturbation in the matter pressure term (which vanishes for dust matter)
according to (4.26) under the aforementioned assumption of the homogeneous scalar field.
Thus, the previous relation proves how the standard integrability condition is recovered in ho-
mogeneous quintessence scenarios whenever δpm is negligible. In conclusion, for quintessence
models we have seen that thanks to the minimal coupling between gravity and the scalar
fields, homogenous scalar fields do not contribute to the averaged equations. This will no
longer be true for theories where the scalar field couples non-minimally, as we show in the
next section. However, it is important to keep in mind that homogenous fields are consistent
only under the assumptions discussed above.
4.3 Brans-Dicke theories
The action for these theories can be written as [9]
S =
1
2
∫
d4x
√−g
[
φR− ω0
φ
∂µφ∂
µφ
]
+ SM [gµν ;ψ], (4.30)
where SM represents the action corresponding to the matter fields ψ and ω0 is a constant.
Note that one of the main differences in (4.30) with regards to the GR counterpart lies in the
fact that the gravitational constant is in fact non-constant but depends upon the scalar field
φ. The latter contributes to the Lagrangian density with its own kinetic term. In addition, it
can be shown that the evolution of the scalar field has as a source term coming from the trace
of the matter stress-energy tensor. Thus, the scalar field depends on the mass distribution
and consequently the gravitational constant also does [10]. In the Jordan frame, the modified
field equations for Brans-Dicke theories can be written as
Gµν = 8πG
(
T
(m)
µν
φ
+ T (φ)µν
)
, (4.31)
where
T (φ)µν =
ω0
φ2
(
∇µφ∇νφ− 1
2
gµν∇σφ∇σφ
)
+
∇µ∇νφ− gµνφ
φ
, (4.32)
and the equation of motion for φ can be written as
φ = −ρm − 3pm
2ω0 + 3
. (4.33)
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For those theories one can calculate ρ, p, qµ and πµν as follows
ρ ≡ Tµνuµuν = ρm
φ
+
ω0
φ2
[
φ˙2 +
1
2
(∂φ)2
]
+
1
φ
(
φ¨+φ
)
(4.34)
p ≡ 1
3
Tµνh
µν =
pm
φ
+
ω0
φ2
[
hµν∇ˆµφ∇ˆνφ− 3
2
(∂φ)2
]
+
1
3φ
(
−2φ+ φ¨
)
(4.35)
qµ ≡ −Tαβhαµuβ = −
ω0
φ2
[
φ˙∇ˆµφ
]
− 1
φ
hαµu
β ∇β (h γα∇γφ) (4.36)
πµν ≡ Tαβhα<µhβν> = Tˆµν − phµν , Tˆµν ≡ hα(µhβν)Tαβ . (4.37)
Analogously to the procedure sketched in the previous section, let us first decompose the
scalar field equation (4.33) yielding
φ¨+ θφ˙− hαβ∇ˆα∇ˆβφ− 1
2ω0 − 3 (ρm − 3pm) = 0 (4.38)
By averaging this equation and making repeated use of the commutation relation, we obtain
∂tt 〈φ〉D+〈θ〉D ∂t 〈φ〉D =
1
2ω0 − 3 〈ρm − 3pm〉D+∂t 〈δθ δφ〉D+〈θ〉D 〈δθ δφ〉D+
〈
hαβ∇ˆα∇ˆβφ
〉
D
.
(4.39)
This equation is essentially the same as we obtained for the quintessence case with the
additional matter-dependent term. However, since this extra term in the local equations
determined by the matter fluid is simply the trace of its stress-energy tensor, it contributes
a linear term in the corresponding thermodynamic quantities (i.e., ρm and pm) and, conse-
quently, the consistency conditions that one needs to consider for a homogeneous field are
the same as for quintessence as well as the correction introduced by backreaction effects.
As a first step in understanding the effect of Brans-Dicke fields when subjected to
averaging, let us consider a homogeneous field φ = φ(t) analogously as we did in 4.2. In this
scenario, expressions (4.35) and (4.36) become
p =
pm
φ
+
ω0
2
φ˙2
φ2
+
1
3φ
(
2ρm
2ω0 + 3
+ φ¨
)
, (4.40)
qµ = 0 , (4.41)
and πµν contracted with σµν leads to
πµνσµν = − 1
2φ
∂tφσ
ij∂tgij (4.42)
Therefore the first term on the r.h.s. of (3.16) becomes
〈θ p〉D − 〈θ〉D〈p〉D = − 2
3(2ω0 + 3)φ
〈θ〉D〈ρm〉D +
〈(
2ρm θ
3(2ω0 + 3)φ
)〉
D
− 1
φ
(〈θpm〉D − 〈θ〉D〈pm〉D)
=
−1
3φ(2ω0 + 3)
[
[∂t, 〈〉D] (2ρm + 3 (2ω0 + 3) pm)
]
. (4.43)
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Departing from the last result and (4.42), the integrability condition (3.16) yields
1
2a6D
[
∂t
(
a6D〈Q〉D
)
+ a4D∂t
(
a2D〈R〉D
)]
=
−1
3φ(2ω0 + 3)
[
[∂t, 〈〉D] (2ρm + 3 (2ω0 + 3) pm)
]
− 1
2φ
∂tφ
〈
σij∂tgij
〉
D (4.44)
This relation proves how the standard integrability condition is not recovered when a homo-
geneous scalar field is present provided the matter density and pressure, the metric tensor and
σij are inhomogeneous. Thus we see how, unlike the results for quintessence, the Brans-Dicke
non-minimal coupling between gravity and the scalar field provides significant differences with
respect to standard averaging in GR.
5 Towards the Einstein frame: conformal transformations
Let us consider again the action (4.30) including now a potential term for the scalar field,
SBD =
∫
d4x
√−g
[
φR− ω0
φ
gµν∇µφ∇νφ− V (φ) + 2Lm
]
. (5.1)
where ω0 is a constant. The action (5.1) represents the gravitational action of non-minimally
coupling scalar-tensor theories expressed in the so-called Jordan frame. Thus, the field equa-
tions are obtained by varying the action (5.1) with respect to the metric tensor gµν and the
scalar field φ,
Rµν − 1
2
gµνR =
1
φ
T (m)µν +
ω0
φ2
[
∇µφ∇νφ− 1
2
gµν∇σφ∇σφ
]
+
1
φ
(∇µ∇νφ−gµνφ)− 1
2
gµνV (φ) ,
(2ω0 + 3)φ = T
(m) + φ
dV (φ)
dφ
− 2V (φ) . (5.2)
The action (5.1) can then be rewritten in the so-called Einstein frame by applying the fol-
lowing conformal transformation,
gEµν = Ω
2gµν , where Ω
2 = φ , (5.3)
which cancels the non-minimally coupling term of the action (5.1) leading to
SE =
∫
d4x
√−gE
[
RE − 2ω0 + 3
2φ2
∂µφ∂
µφ− V (φ)
φ2
+
2
φ2
LEm
]
. (5.4)
where the subscript E refers to the Einstein frame whereas the matter Lagrangian is given by
LEm = Lm (φ, gEµν). In order to simplify the action (5.4), the scalar field can be redefined
as φ = eϕ/
√
3+2ω0 , which yields
SE =
∫
d4x
√−gE
[
RE − 1
2
∂µϕ∂
µϕ− U(ϕ) + 2α(ϕ)LEm
]
, (5.5)
where α(ϕ) = 1
φ(ϕ)2
and U(ϕ) = eϕ/
√
3+2ω0V (φ(ϕ)), whereas the field equations are trans-
formed as
REµν − 1
2
gEµνRE = Tµν , (5.6)
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ϕ− dU(ϕ)
dϕ
= −2δ(α(ϕ)LEm)
δϕ
, (5.7)
where Tµν = T
(ϕ)
µν + α(ϕ)T
(m)
Eµν , and
T
(m)
Eµν =
−2√−gE
δLEm
δgµνE
(5.8)
T (ϕ)µν =
−2√−gE
δSϕ
δgµνE
= ∂µϕ∂νϕ− gEµν
(
1
2
∂σϕ∂
σϕ+ U(ϕ)
)
(5.9)
Then, we can implement the averaging procedure in the framework of the action (5.5) by
following the same procedure as in previous sections.
5.1 Averaging procedure in the Einstein frame
From now on, we explore the averaging procedure for the action (5.5), so the subscript
E is omitted for clearness. As usual, we assume a set of observers described by a unitary
timelike 4-velocity vector uµ. Let us consider the energy constraint, the momentum constraint
and the Raychaudhuri equations (3.7-3.9) and define the total energy-momentum tensor as
Tµν = T
(ϕ)
µν +α(ϕ)T
(m)
Eµν = ρuµuν+phµν+2q(µuν)+πµν , where the thermodynamical quantities
are given by
ρ = Tµνu
µuν =
1
2
ϕ˙2 +
1
2
hµν∇ˆµϕ∇ˆνϕ+ U(ϕ) + α(ϕ)ρm , (5.10)
p =
1
3
Tµνh
µν =
1
2
ϕ˙2 − 1
6
hµν∇ˆµϕ∇ˆνϕ− U(ϕ) + α(ϕ)pm , (5.11)
qλ = −Tµνhµλuν = −ϕ˙ϕ,λ , (5.12)
πµν = Tcdh
c
〈µh
d
ν〉 = Tcdh
c
(µh
d
ν) − phµν (5.13)
whereas the zero component of the continuity equation yields
ρ˙+ θ(ρ+ p) +∇µqµ + πµνσµν + aµqµ = 0. (5.14)
Then, in this frame the Buchert’s equations are obtained by averaging the equations (3.7)-
(3.9), where in this case the averaged energy density and pressure (5.10-5.11) become
〈ρ〉D = 1
2
〈ϕ˙2〉D + 1
2
〈hαβ∇ˆαϕ∇ˆβϕ〉D + 〈U(ϕ)〉 + 〈α(ϕ)ρm〉D . (5.15)
〈p〉D = 1
2
〈ϕ˙2〉D − 1
6
〈hαβ∇ˆαϕ∇ˆβϕ〉D − 〈U(ϕ)〉D + 〈α(ϕ)pm〉D . (5.16)
Whereas the continuity equation yields
∂t 〈ρ〉D + 〈ρ〉D〈θ〉D = −〈pθ〉D − 〈πµνσµν〉D − 〈aµqµ〉D (5.17)
Assuming aµ = 0 and considering (5.10)-(5.13) one recovers the integrability condition (3.16).
Let us now explore the case of a homogeneous scalar field ϕ(x, t) = ϕ(t) coupled to a dust
fluid, pm = 0. In such a case, qλ = 0, and the integrability condition (3.16) leads to
1
2a6D
[
∂t
(
a6D 〈Q〉D
)
+ a4D∂t
(
a2D 〈R〉D
) ]
=
1
2
[
∂t, 〈〉D
](1
2
ϕ˙2 − U(ϕ)
)
(5.18)
which turns out to the usual integrability condition when a pressureless fluid is considered.
Thus, the integrability condition might be recovered despite the presence of a strong coupling
between pressure-free matter and the scalar field,
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5.2 Averaging in different frames
In section 4.3 we have discussed the averaging for the Brans-Dicke class of scalar-tensor
theories and actions with non-minimally couplings among matter and a scalar field as given
by Eq. (5.5). As it is well-known, a sub-class of Brans-Dicke-like theories without kinetic
term but non-vanishing scalar field potential can be mapped into f(R) theories where the
role of the scalar field is essentially played by fR ≡ ∂f/∂R. In such theories, one can again
describe the modified Einstein equations by means of an effective geometrical fluid with
stress-energy tensor
T (f)µν ≡
1− fR
fR
T (m)µν +
1
fR
[
(∇µ∇ν − gµν)fR − 1
2
(f(R)−RfR) gµν
]
(5.19)
and apply our general formulae to obtain the modified averaged equations together with
the integrability condition. In particular, we can obtain the expression for the modified
integrability condition as given in (3.16). A crucial feature that renders calculations more
complicated in this scenario lies in the fact that the effective fluid depends on second deriva-
tives of the Ricci curvature R so that the the r.h.s of the integrability condition will depend
on second derivatives of R. Thus the integrability condition will no longer be a first order
differential equation relating the kinematical backreaction and the averaged curvature. Al-
though this does not pose any conceptual problem, it introduces technical difficulties. In
order to get around this problem appearing in several extended gravity theories, one may
try to perform calculations in the Einstein frame, where the action (5.1) is mapped into
the familiar Einstein-Hilbert action, but with the presence of non-trivial couplings in the
matter sector given by Eq. (5.5) and this should facilitate the analysis, as shown previously.
However, one must be aware that in order to do so, a conformal transformation needs to be
performed. The conformal transformation implies several effects on the averaging procedure,
since averaging and frame changing constitute non-commutative operations. Furthermore,
let recall that the spatial average of a scalar quantity is given by (3.1). Then, by applying the
conformal transformation (5.3) gEij = φgij , the determinant of the spatial metric is trans-
formed as g
(3)
E = Ω
6h. The comparison of Riemannian volume elements in both frames thus
leads to
dΣ =
√
h d3x = Ω3(t,x)
√
g
(3)
E d
3x = Ω3(t,x) dΣE . (5.20)
Then, the Riemannian volumes of the domains do not have a straightforward correspondence.
In fact, it is well known that the Einstein and Jordan frames do not lead to the same
equations, although solutions obtained in each frame can be easily related by the conformal
transformation (5.3) and a particular redefinition of the coordinates (see for instance [49]
and references therein), leading to a correspondence between both frames that might become
very useful while analysing the properties of a particular theory. In addition, any conformally
invariant physical quantity remains the same in both frames. Nevertheless, when applying
the averaging procedure, it is straightforward to note that even for a conformally invariant
quantity, i.e., O√h = OE
√
g
(3)
E invariant under conformal transformations, the average would
not remain invariant since the domain volume does not have a clear correspondence between
frames (5.20). Indeed, even if the underlying theory is conformally invariant, the averaging
procedure will introduce a characteristic scale, namely the size of the domains, that will
explicitly break such an invariance. However, note that the domain of integration, where the
average is performed, would rescale also through the conformal transformation, but even by
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redefining the domain, the integral is evaluated along a different path since the conformal
transformation depends on the coordinates. Moreover, the domain of integration in the
Einstein frame might not even be well defined. Note that the domain of integration can be
defined using two hypersurfaces of interest: either with respect to the gravitational frame,
which refers to a set of comoving observers defined at every point of the spacetime, or with
respect to the rest frame of the fluid [50]. In the latter case, while referring to the rest frame
of the matter content, one should be aware that in the Einstein frame there exists a fifth force
mediated by the scalar field that will make the matter trajectories non-geodesic [20, 21], and
∇EµT µν(m)E 6= 0. This is natural since in the Einstein frame there is an exchange of energy
between the matter and the scalar field. This fact introduces difficulties when defining the
domain of integration with respect to the matter content. The geodesic character can be
recovered if congruences are defined with respect to the flux at rest with respect the total
energy-momentum tensor. Furthermore, if one departs from the Jordan frame, where the
acceleration of a set of observers aµ = u
ν∇νuµ is assumed to vanish, i.e., it constitutes a
geodesic congruence, and then, performs a conformal transformation (5.3), the 4-acceleration
in the Einstein frame becomes
aEµ = u
ν
E∇EνuEµ = Ω−1
(
∂µΩ+ uµu
λ∂λΩ
)
, (5.21)
where uµE = Ω
−1uµ with uµuµ = Ω−2gEµνuµuν = gEµνu
µ
Eu
ν
E = −1. Unless the scalar field
φ ≡ Ω2 is exactly homogeneous, the acceleration (5.21) in the Einstein frame will not vanish
and this term will eventually introduce additional corrections in the corresponding results
for the local equations.
To summarise the above discussion, we can conclude that the relation between both
frames can not be clearly established when dealing with the averaging over the physical
quantities. Although in principle one could apply the averaging procedure in any frame,
computations seem to be more straightforward and technically less challenging in the Jordan
frame where the gravitational sector is described by a scalar-tensor theory and matter is min-
imally coupled to gravity. However, when minimal couplings are assumed in one particular
frame, non-minimal couplings will emerge when applying a conformal transformation to the
original frame, so that a set of observers become accelerated in the new frame. Moreover,
as pointed out in Refs. [51, 52], also the physical meaning of each frame can not be easily
established. An analysis of the ground state and the positivity of the energy in both frames
is an important tool to determine whether the frames, and in particular the Jordan one, are
well defined. In addition, non-minimal couplings between matter and the scalar field may
be avoided in the Einstein frame by transforming them to the Jordan frame. In this case
observers would follow geodesics in the Einstein frame and consequently avoid the appear-
ance of a non-zero acceleration (see Ref. [52]). Nevertheless, in the latter case, the observers
in the Jordan frame will not follow geodesics, since a fifth force is induced by the coupling
between matter and the scalar field. Hence, the choice of the most suitable frame and their
physical significance - an old problem that has been widely studied in the literature [55] -
would depend on the underlying theory as well as on other aspects that affect the physical
viability of each frame. In our particular discussion, we have pointed out to the problems
and differences emerging when the frame is conformally transformed together with the aver-
aging procedure, and the difficulties occurring when the calculations in both frames try to
be related.
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6 Discussion and Conclusions
In this paper we have introduced a generalised Buchert backreaction procedure in a scenario
with two non-interacting fluids. The set-up is aimed to account for non-standard cosmologies
where, in addition to the usual matter, there is an additional contribution to the total stress-
energy tensor sourcing Einstein’s equations. This additional contribution might correspond
to a dark energy component or an effective description of a modified gravity theory. We
started by deriving the relevant local equations in the usual ADM decomposition. In order
to simplify our calculations, we chose the rest frame of the matter component, which remains
geodesic at all times.
Equipped with the local equations, we extended the standard Buchert equations and
obtained a generalisation for general fluids with pressure, shear, anisotropic stress and mo-
mentum flux. The combination of the averaged equations allowed us to obtain generalised
integrability condition as given in expression (3.16). We have shown how this expression
is modified with respect to the usual GR case with matter. This correction is manifestly
second order in the perturbations. Moreover, the non-zero character of the right-hand side
in the aforementioned equation may cause difficulties in order to close the averaged system
of equations when, for instance, results from perturbative backreaction are to be explored
by calculating second order terms around a given background. We also argued that this new
term can be crucial in modified cosmologies with dark energy or alternative gravity theories,
because it will modify the kinematical backreaction evolution. We have illustrated this for a
simple case in which the spatial scalar curvature averages to that of a FLRW metric. Thus,
we have shown how, even in cases where backreaction is negligible for GR with matter, it
might give rise to non-negligible effects for modified cosmologies and this could play a crucial
role in testing such alternative scenarios.
We applied our general formalism and the generalised Buchert equations to three classes
of extended scenarios, which can be considered as natural extensions of GR: a dark energy
model described by a perfect fluid, a quintessence field and, finally, Brans-Dicke theories. In
the dark energy model described by a perfect fluid we assumed a barotropic equation of state
and showed how it can modify the equation of state for averaged energy density and pressure.
Moreover, for constant equation of state parameter and assuming a power law evolution for
the backreaction source term in both the continuity equation and integrability condition, we
obtained the solution for the average energy density and the kinematical backreaction. For
this very simple case, we determined the conditions under which the backreaction effects are
important and even modify the usual homogeneous evolution. Although we have focused
on the simplest case of a dark energy fluid with constant equation of state and adiabatic
perturbations, it would be interesting to extend our analysis to more general frameworks
when dark energy can have non-adiabatic perturbations or be described by an imperfect
fluid. In this respect, the effective field theory for cosmological fluids developed for one single
perfect fluid [53] or a multicomponent scenario [54] might be appealing.
For extensions based on a single scalar field (quintessence and Brans-Dicke) we obtained
the averaged version of the field equations. In particular, we obtained the evolution equation
for the averaged scalar field and shown how backreaction can effect such evolution. From
these equations, we obtained the conditions under which it is consistent to consider a purely
homogeneous field such that its evolution coincides with that of its average, i.e., φ(t) =
〈φ〉D. We also computed the evolution of 〈φ〉D by assuming power-law evolutions for the
backreaction source terms, very much like in the perfect fluid model. With these solutions we
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again determined conditions for the backreaction effects to be relevant. We then assumed that
the scalar field is purely homogeneous and obtained how, even though being homogeneous,
it can give non-trivial contributions to the averaged Buchert equations and the integrability
condition. For the quintessence mode, being minimally coupled, no effects arise, but for the
non-minimally coupled field present in the Brans-Dicke models, the homogeneous scalar field
can give non-trivial contribution. The analysis presented in this communication could be
further extended to include more general single field models and to consider the more general
case of inhomogeneous fields.
The averaging procedure has also been implemented when the matter content is coupled
to a scalar field, which occurs in the so-called Einstein frame when a conformal transformation
is applied to Brans-Dicke-like theories. Furthermore, a brief discussion dealing with the
comparison of both frames was provided. In this sense, the mapping to the Einstein frame
seems to be problematic when analysing the average of extended gravity theories despite
the fact that the equations may look simpler in the Einstein frame. The point is that
non-minimal couplings between matter and the scalar field are induced when applying a
conformal transformation to the usual Brans-Dicke-like action. After the aforementioned
transformation, geodesic observers become accelerated. Moreover, while working with non-
minimal couplings between matter sources and the scalar field, one should be aware of the
definition of the integration domain, since the matter content will not follow geodesics in the
conformal frame, and the total flow over all fields has to be considered in order to get an
appropriate definition of the integration domain. In addition, the relation between averaged
quantities in the two frames remains unclear since the domain volumes in different frames
don’t have a clear correspondence either. On the other hand, besides the mathematical tool
that the conformal transformation may provide, the physical meaning of both frames has to
be analysed carefully, where the positivity of the energy and the behaviour of the ground
state may play a crucial role to discriminate between frames, as pointed out in Refs [51, 52].
The theoretical tools provided in this communication are easily extendible to other alter-
native gravity theories as well as scenarios combining gravitational theories beyond General
Relativity with standard fluids different from dust. The range of different techniques able to
determine the evolution of both background and perturbations in extended gravity theories
also permits one to perform perturbative averaging. This way - and together with the equa-
tions presented in this communication - one can estimate the size of the backreaction effect
and the way in which the fluctuations become of the order of the mean, leading to situations
where the assumed background will no longer correctly describe the averages. In this way,
fluctuations may affect the background which needs to be confronted with with large scale
observables, such as the luminosity distances and Baryon Acoustic Oscillations.
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